ium cordis" and the "perpetually irregular pulse" of Hering as atrial fibrillation by the early electrocardiographers, interest has centered largely on the mechanisms producing the wormlike atrial contractions. The ventricular response, except in the case of complete atrioventricular dissociation, has been assumed to be without period, although it is well known that by inspection alone the irregularity becomes more or less apparent under the influence of varying degrees of heart block, vagal stimulation, degree of digitalization, nitrites, and exercise.
In the experiments to be described, we have attempted to arrive at a quantitative description of the degree of randomness of the ventricular response in atrial fibrillation and to demonstrate the presence of hidden periodic components. This was done by the determination of the autocorrelation function. This function, first introduced by Taylor 1 to investigate turbulence, is eminently suitable for the statistical description of irregular events and, for this reason, is a mathematical tool nicely patterned for a quantitative description of atrial fibrillation. Its calculation has now become practical because of the recent advances in automatic computation.
Methods
Patients were selected at random from the medical wards of the Cincinnati General Hospital. The only criteria required were that the subject should have well-established atrial fibrillation and that he should be able to lie quietly while the record was being taken. All patients were receiving digitalis as part of their treatment. Standard lead I was recorded in all instances on a Sanborn Twin-Viso at a speed of 25 mm./seeond. On the second channel of the instrument, a respiratory tracing was recorded. This was obtained from an expanding bellows placed around the lower rib cage and connected in turn to a Statham pressure transducer. Continuous tracings were taken for a period of approximately 12 minutes. Data from these records were processed as follows: Counting from an arbitrarily chosen zero point of time at the beginning of the record, the time of occurrence of the peak of the R waves, t 1; was manually transcribed on IBM cards. Slight differences in the height of the R wave were disregarded because we were only interested in the distribution in time of the ventricular contractions. From the data on the cards, the autocorrelation function was calculated on the IBM-650 computer of the Computing Laboratory of the University of Cincinnati, using a program that was written especially for this application.
Results
The autocorrelation functions, R ( T ) , of three subjects with atrial fibrillation are shown in figures 1 to 3. The scale of the abscissa in these figures is the time, T, in seconds. The ordinate scale is in arbitrary, dimensionless units. For comparison, the autocorrelation function of a normal control is shown in figure 4 . Figure 5 shows the standard electrocardiograms corresponding to figures 1 to 3. Discussion Before entering a discussion of the details of the autocorrelation functions shown in the figures, a few remarks about the nature and the properties of the autocorrelation function are in order, to explain its importance for the investigation of the electrocardiogram in atrial fibrillation. For the purpose of studying the statistical distribution of heart beats in time, let the electrocardiogram be represented 
R(r) = lim
where T is the length of the record of F(t) in seconds, and T is a time translation of the origin of the same record. Although, in the rigorous definition, T should approach infinity, we have found empirically that an electrocardiogram of about 12 minutes' duration was sufficient for an average rate of 60 per minute or more. The effect of finite T is a random fluctuation superimposed on the autocorrelation function. With a record length of 12 minutes, these fluctuations are not disturbingly large, as a glance at figures 1 to 3 will show. The time lag T was varied in small steps of 0.1 second between 0 and 4 seconds, and is shown on the abscissa in the figures.
The existence of R(T) is ascertained only if F(t) is a stationary time series; that is to say, the average properties of the electrocardiogram do not change. In particular, the average heart rate and the autocorrelation function are statistical properties that should be independent of time. Indeed, the time independence of the autocorrelation function may be used as a criterion for deciding whether a process is stationary. 3
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.348 For those who are not familiar with the concept and properties of the autocorrelation function, it should be pointed out that it is closely related to the correlation coefficients used in statistics to measure the correlation of two random variables. The correlation coefficient may be defined by
where X and Y are normalized random variables (data) and a x and <r y their respective standard deviations. If we replace the integral in equation (1) by a sum for approximation and consider F(t) and F(t + r) as the respective variables, the relationship becomes apparent. What we are actually doing, then, in calculating the autocorrelation function, is computing the correlation between two series of data, one being the original electro- Among other properties of the autocorrelation function, the following are the most important for the interpretation of our results (for proof, see, for instance,'-) : (a) if the given time series is purely periodic (a normal heart will approximate this situation), the autocorrelation function is also a periodic function with the same period (see, for instance, fig. 4 ) ; (b) if the given function is a random sequence of events, the autocorrelation function may have the form of a decreasing exponential function that decreases to zero, or to a constant, for sufficiently large values of T; (C) if the given time series consists of a mixture of periodic and nonperiodic events, its autocorrelation function will frequently have the form of a product of a periodic and an exponential function, 4 that is R(T) = Ae" aT cos <u t + const. 2TT In this equation, T = -is the period of the o periodic part of the time series, and a, the exponential decay coefficient. In slightly oversimplified language, a. may be considered a quantitative measure of the degree of arrhythmia present in the original record. It will become larger with an increasing degree of arrhythmia. (Note that, in the case of so-called "white noise," a = oo ; this extreme is obviously impossible in the electrocardiogram.) Looking at figures 1 to 3, we can see at once that the autocorrelation functions may be reasonably well fitted by an exponentialcosine function as suggested above.
It is interesting to note that a peak appears in figure 1 at : = 2.7 seconds; the record of the simultaneously obtained rate of breathing shows that the peak corresponds to this rate. It deserves to be emphasized that even a careful inspection of the original record would not reveal any influence of breathing on the heart rate. This reveals the power of the method to recover a period submerged in an irregular background.
Let us now examine table 1 in which the parameters T and a of the autocorrelation functions of three patients are shown. Column 1 of this table shows the "hidden period" 2,7 (this term is commonly used for T = -and signifies the difficulty of finding it by mere inspection of the record); column 2, the average heart rate; column 3, the coefficient a, i.e., the degree of arrhythmia. We note immediately that various degrees of arrhythmia are present. Although we started out by considering the alternative: periodicity versus irregularity, we can now see clearly that the arrhythmia that is found in atrial fibrillation is a matter of degree. We expect to find an almost continuous range for this coefficient as our material accumulates.
There is also some indication that the coefficient, a, in our patients depends on the degree of digitalization, larger doses corresponding to greater irregularity of rhythm. If this relation is borne out by future work, it is conceivable that the autocorrelation function could be useful for the investigation of the dose-response relation of digitalis.
Another interesting fact that appears in this table is that the "hidden period" is always very close to the normal heart rate, but always higher than the average rate, which is also listed in table 1 for comparison. This fact is suggestive of the liypothesis that either the sino-atrial node or the atrioventricular node is at least in partial control of the ventricular response, and that it has not entirely yielded its function as a pacemaker to the "ectopic focus :; or to the re-entrant phenomenon, whichever is assumed to be the cause of fibrillation. Rhythmic conduction seems to be possible at least part of the time in the fibrillating atrium in spite of the fact that its contractions are so often described as "bizarre," "chaotic,'' or irregular.
This hypothesis is compatible with drug experiments reported by Gold et al.,"' who showed that the slowing down of the heart rate in atrial fibrillation by digitalis can be reversed by a vagus block induced byatropine. Sufficiently large doses of digitalis will, however, override the action of atropine. In this connection, it is also worth pointing out again that the most irregular rhythm was found in the patient receiving the largest dose of digitalis. Wenger, Bhatia, and Hoertnagel 0 have recently reported cases of coexistence of flutter and fibrillation in the same atrium, found by using esophageal leads. If their interpretation is confirmed by further investigation, it would also tend to show that fibrillation is a state of activity that need not necessarily engulf the atrium as a whole, and may in some cases not be entirely incompatible with coexisting rhythmic activity.
Summary
The autocorrelation function of the ventricular electrocardiogram was calculated on an IBM-650 computer. The resulting function can be fitted by an exponential-cosine function. This result is typical for a mixture of periodic and unperiodic events. For different patients, various degrees of periodicity were put in evidence by this method on a quantitative basis; the ventricular response was never completely irregular. In all cases investigated so far, the period that corresponds to the periodic component of the autocorrelation function was more rapid than the average rate of ventricular conduction.
Appendix

Details of the Computation (Figure 6)
For the actual computation, the integral of the precise definition (equation 1) must be replaced by a finite sum, and dt by a finite interval of time At. To construct the function F(t) from the electrocardiogram, the height of the individual E waves was put arbitrarily equal to unity, disre-garding small differences, because our only interest was in the time intervals between subsequent beats. It may be mentioned at this point that errors in selection caused, for instance, by counting premature contractions would not alter the autocorrelation function except for a slight increase in the random fluctuation of the final result. The time scale of the record is then subdivided into small, equal intervals At of 0.1-second duration; that is, in the order of magnitude of the base of the R wave. This interval determines what may be called the "resolution" of our analysis. Its choice is dictated by a compromise between accuracy and speed of computation. It should be kept in mind, however, that the same interval should be used if various records are to be compared. Now, the value of the function F(t) was put equal to unity in a specific interval if the top of the R wave fell within its limits. Otherwise, F(t) was put equal to zero. This transcription was manually performed; F(t + T), on the other hand, was constructed by the computer program. The value of the function F(t) in the i t h interval will now be called x it where Xi is either zero or unity. The time lag T is similarly introduced in discrete steps T = kAt, the values of F ( t + T) are consequently Xj+ k .
The approximate autocorrelation function will then be 1 R '(r) = -2 x, x 1+k At (3) T i = 1 but T = N A t, so that 1 N R"(r) = 2 x , * , * . (4) N i = i This approximation shows again the relationship of R ( T ) to the correlation coefficient p, as defined by equation (2) . The correlation coefficient has the property of being equal to ± 1 if the variables are equal. The function F(t) and F(t + T ) will be equal for T = 0, and it would be convenient if a similar normalization could be found that would make R " ( T ) = 1 for T = 0. This is indeed the case. Since 2 x, x, is simply n, the total number of ventricular contractions in the record division of R"(r) bywill yield the desired result: 1 N R"(t) = -2 x i X l + k . n i = l (Note that this simple normalization is possible only in this specific situation, where Xi is either 1 or 0. It was also used to determine the ordinate scale in figures 1 to 3.)
The fact that we have put the height of all R waves arbitrarily equal to 1 makes the calculation of 2 x ( Xj+ k exceedingly simple in principle. All that we have to do is to count the instances where x ( and X[+ k are simultaneously ¥=0 as a function of i, and add. The computer program was arranged along these lines. A flow chart is given in figure 6 .
